@ Math 240 Final Exam, Dec 21, 2009 Your name

Problem 1. Solve the system of equations

X +y+2z=7
X +2y +3z =9
x + 2y + 4z = 10

Answer. X = ﬁ , Y= , 2=
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Math 240 Final Exam, Dec 21, 2009 Your name

Problem 4. Diagonalize the matrix A =

-3
1 0

That is, find matrices P and D suchthat A = P DP!. where D is
diagonal.

You must put the following answers in the designated spaces:
(1) Eigenvalues of A 1in increasing order: 1 and 3

. . . () )
(2) Eigenvectors of A in corresponding order: ! and ( |

o
(3) Diagonal matrix D = (g 3)

(4) Matrix P = (: {3)
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(1) For which real values of ¢ is the matrix A = (62 1 i) diagonalizable

as a real matrix?
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@ Math 240 Final Exam, Dec 21, 2009 Your name
Problem 5. Find the general solution of the differential equation

d*y/dx* + 4 $Py/dx® + 4 dPy/dx* = 0.

Answer. y(x) =

iv-f-z',y'”_'l. L”y”:o

Y
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&
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Math 240 Final Exam, Dec 21, 2005 Your name

Problem 6. Find the function y(x) which satisfies the differential equation
x*y" - 5xy + 8y =0

and the initial conditions v(2) = 32 and y'(2) = 0.

Answer. y(x) = \cl: SAXT+ 16X ’

/=4

m*?..m -8m +8 =D
m®-bm+8 =0
(m-g)(m-a) =0

le’LIrmﬂ‘zol

d
Y:Cixq + Ca\)‘
33\;0(16) + ca(4)
B=4Hdct+ Ca ca = 8-9c,

3

Y"“/Crx 'f‘;C)X
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O
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8 ca=16



O Math 240 FINAL EXAM Your name

Problem 2. Find det(A™ B A), where

I 00O
A = (-—5 -2 0
3 -5 3
2 3 0
B = 4 1 2
-1 -2 0

CIRCLE ONE OF THE FOLLOWING ANSWERS.

and

(a) 2 (b)~1 (¢} 0 (d) 1 (e) 2

A&{'(F\'d ﬁﬁ)ﬁ Jded [E’:) w
(o m4) - 3(0 ~-)
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(3) Which of the following statements is false:

(A) If Ais an 3 x 3 matrix with real entries, and the only solution of
vy
the system AT = 0 is the zero vector, then A is invertible.

(B) There exists a 2 X 2 matrix A so that A (;) = (g) and A G) =
()

9]

(C) If A and B are diagonalizable 3 x 3 matrices with the same eigen-
vectors, then A + B is diagonalizable.

(D i} There exists a real 3 x 3 matrix A which satisfies A = ~I3.
(E) An n x n real matrix can have at most n real eigenvalues.

3
(F)IfV = | 0

, then the matrix A = ¥ U7 has three linearly
—4

independent eigenvectors.
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Math 240 FINAL EXAM Your name

Problem 8. Suppose that the function y(x) satisfies the differential equation
y" + y' — 6y = 6 with initial values y(0) =1 and y'(0)=~1.
Find the value of y(—1).

CIRCLE ONE OF THE FOLLOWING ANSWERS.

w3 2 ) 2 3 —2 3 -2 3 ]
(a)e e (b) e e (c) e —e \2:: & L (e) e+e 1

M4 - = O -
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Math 240 FINAL EXAM Your name

I’ro% 10. Solve the following system of first order linear differential equations:

dx/dt = x + 3y
dy/dt = 3x + y

with initial conditions x(0) = 0 and y(0) = 1.

You must put your answer here:
x() =
y(® =

11
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(10
7. If you solve the following system of differential equations

=z 4 3y
v =5z + 3y

subject to the initial condition z(0) = 5 and y(0) = 3, then «{t) is given by:

@ T = 2”2t 4 3eb

@ z = et + 4’ x == 3% 4 265
@ @ == 3%t -+ 2e°° @ % = 6e?t — &5t T

S
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5 3eA V.
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1. For the matrices A~* and B~! below, find (AB)"1.

w=(13) =3 1)
O Ok ©EY) 06

gt

@ This can’t be done: one of 4, B is singular, and AB is undefined.

(aR)Y'=B"N'

(0GR =2 %)
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2. Find y(7), where y satisfies the differential equation

d4
-jx“"*";‘ = 16y 0

subject to the initial condition
y(O) =1, y’(O) =0, y”((}) = 4, ym(o) =0,

As a reminder, A% — 16 = (4% — 4)(A% +4) = {A — 2)(A +2)(A* + 4).

@0 1 @121r+3 @_e2w+1w27r__% ®%ezw_%e—2w+%
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14. Compute the determinant

0o -1 -3
2 3 3
-2 1 1

@mm ® -8 © o ® s ®) 16

-

0 +t<2-¥6> -—3(1*(0)
8 - 3(8)

& - 29=-1b
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(15) Solve the system of first-order linear differential equations with initial

value,
dx
dy y(0)) — \—~1
=2z — 4
g - T

i -4 M=
X - ( 2 mq'>}< ST |
| 2 z)——) ("‘Jik.[
Mq,_% ,l /\ ]
2 Th-X =2
22 Ly
(-4-xY"-4 (’z_ --2) = (a ) = ko
o+ BA+ A=Y _ by ol 1y -2
AtBAS 12 O h= ol e ol e
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15. Solve for z in the system

z —y~3z=0
243y +3z =2

y + z =2
As a hint:
1 -1 -3
1 3 3 |=-2
0 1 1

@ -8 —4 @ no solution @ .4 @ 8

I R SR TR P -1 ~% o
l 3 T ~ A\ 4 6 2._ 5 6 2 314
6 L 1] Te 6 v |y o t | |-2
-y -3} © :
- \ \ X v -y -3 O S T N P
°© 2 [O 0 1 1S s1® ° | 5
S O {1t |-2 o1 o]-]
2:5
9777
X-4-32=0



(0

(2) For the matrix A and the vector of unknowns T given by

I 4 o 2 9-% T

1 -1 -1 =1 2 3 T
A=15 5 .4 —28 9|’ S )
—g———2 =3 s

Zg

we have

(A) rank(A) = 1 and the solutions of the homogeneous linear system
Z = 0 depend on 3 parameters.

(B) ra (A) = 2 and the solutions of the homogeneous linear system
= ( depend on 2 parameters.

/QC) rank( A = 3 and the solutions of the homogeneous linear system
=0 depend on 3 parameters.

= 2 and the solutions of the homogeneous linear system

— ) rank(A)w

A7 = 0 depend on 4 parameters.

/(,E)/ rank(/—l) = 1 and the solutions of the hornogeneous lnear system
% = 0 depend on 5 parameters.

/((Fﬂ’ rank A) = 3 and the solutins of the homogeneous linear system
AT = 0 depend on 2 parameters.
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(4) Consider the matrix

0 0 -2
B=4110 11].
01 2

It is known that 2 is an eigenvalue of B. Then

(A) B is diagonalizable with eigenvalues 1, 1, and 2.
(B) B is diagonalizable with eigenvalues 1, 2, and 2.
@ B is diagonalizable with eigenvalues —1, 1, and 2.
(D) B is not diagonalizable, and has eigenvalues —1, 1, and 2.
(E) B is not diagonalizable, and has eigenvalues 1, I, and 2.

(F) B is not diagonalizable, and has a unique real eigenvalue 2.

s 2NN
-x 0O -2 e AN-"2) + (2-n) (AT ) b
Lo A2 AN N
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(9) Let y(z) be the general solution of the linear differential equation
22" + By’ + 3y = 0,

for which y(1) = 1 and /(1) = —3. Find y(1/2).

(A)-9 (B)2 (C)0

(D) 1/8 (F) 1/16

-1} +5m+3=0
M- a4 SmEd=s O
e 0

(r+2){m+ )= 0

m:--—3,~i
N e N L R
y()=C+Ca=t Y {)="2C-Ca="3
Cy #Ca= |

Ve 2Ci=2
1 h - ij:l
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18. Select a matrix with eigenvalues 0 and 2, and corresponding eigenvectors (;) s (;}

®(L:) ©Y 07 063 ©H T
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18. Select a matrix with eigenvalues 0 and 2, and corresponding eigenveciors (;), (é)

T R A S NS A LR

A+2b = 0O
c+2d = 0O
QA2 ©
- A~323p= "2
L=
b=

a="4

(25 )=

o+ 3= 2
c43ds G
ct+2d=0b
- 20=0
d=0b
C o= "\
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3. Give the general solution to the differential equation

oy — 2oy’ 4+ 2y =0.

@ Y= ez 4 cpx® y=c; + caz 2 @ Yy = 1% + cpx’

@yﬂcl'!“czﬁﬂz ®y=c1m+::gx2

Xf}.g%\ wZXﬂ\ 423 - O

M(M"‘) -2m +2 =0
Wwr-w - 2w k2 =0
(Ml ,"3\,\/\,&:?,“-“-'0

(M - 7*)(“” - 0



Math 240 FINAL EXAM Your name

Problem 11. Diagonalize the matnx A =

RS
2 5

That is, find matrices P and D suchthat A = P D P, where D is diagonal.

You must put the following answers here:
(1) Eigenvalues of A (smaller one first) are 3=\ and H= A )

(2) The corresponding eigenvectors of A (in the same order) are

H\:‘kl and ( ” ‘?_) = kl

30
(3) The diagonal matrix D = ( 8 u{>

i
(4) The matrix P = <M.2 hgj

A M= L”\}):ks
2 5 -
(L= (5= N) - 2)
L) AV IS
O =FA A+ /\;’f AN A 20
N =Tr+12= (3 (2 \) o
()\_Lw ()\""?:):- Q l\j‘ :M\/L
e Ny
s (L),
(50
0= (5 9)

12



Math 240 FINAL EXAM - Your name

Problem 9. Solve the differential equation X’y" + 2xy' = 0
with y(1) = 1 and (1) = 1.

You must put your answer here:

yx) =

X‘Lﬁ\\ 4’2)(3\ - O
M(MWD 1+ 2m = O
M7 -M FLwm

Mo E

W\(W\ + \)

U\/\“:O IW\Lf’\’
3 - C\xo * G X
i
9= ¢ 4 X

10



Math 240 FINAL EXAM Your name

Problem 1. Solve the system of linear equations
2x + 3y +z = 1
2y +3z = —1
X +3y —z = —4

and find the value of y .

CIRCLE ONE OF THE FOLLOWING ANSWERS.

(a) —2 (b) -1 (©) 0 (@1 (e) 2
9 3 1} \ o 2} 5 foz215 {oz\ S
0 L 3_,‘ > © 23| -} 5 013»\-»07—3\“\
T I R TR b B
Merwed 4 ehivve wf fows ops FAETHOD L'
Qy + 3277
. R-%L V0 2 | % Y4 )
'?;3&1 \é:-%% \51 ..3.9 o2 3 "’} 3“1 =3
ot 1 -6 o o -5|- 4> 2*3
-?/:"/? &3*31:’|
| S+ 3=
gp V0T 13 oy Vo032 2(z-3) ¥ 327"
L S, S TR B L cr0 |-l 5 e -l »31:\
Sz~
X=3 j: -l a3z ?’i{
y;-\f'L'?f"“’S
A=3
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Math 240 Final Exam, Dec 21, 2009 Your name

Problem 3. Find a 2 x 2 matrix A with eigenvalues 1 and 2
and comesponding eigenvectors (3, 1) and (2, 1).

A\f‘—“-‘ ) VY
Answer. A = (M}l‘ 0 )

d
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17. If

ay Q2 daa

by by bsj=ux,

i ¢z C3
then

2ep 4+ ay by -—ap
21 +a; by —aq
203 +ag by —as

== 7

@) o —z @ 2

Switeh row = — X MU o by 2 T

Add row = No change  Mult row by L= 2%

W.WM‘X@mMﬁammﬁm+m
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13. A certain forced undamped oscillator is modelled by the differential equation

2

d*z
e = 4 .
m p7y + 18z cos 3t

What mass m > 0 corresponds to resonance, that is, z{t) is unbounded as t — o7
e, W

T

® e ) @n-t  @mes @nes

al %i'd +1BY= 4 cost3x) 9(x) unbourdedt a3 % oo

Xz. .
22V 83 (g v i P quaatien o -

n X} Y7 ACOoSNH R Sirdr
Z(m )ﬂB: © T2 ASIIAX 2B 0oV

Z MR = Q VA E%ACOS%X*OEB -S\"Y];?X)m
o frcos (3X) + 18RS WIZX) =% cosidt

M=~
M= 19/ (18-BA-U La418)B=o
™ “-«”*:h'\} %/ B i A“" l"*mg:———- RB=0

8-A%

! }

_ — o )
Cicosg (m ><> 80 (\lw/nz_ X) 4‘-’\%1?{%@3(5@
T
(‘”’) Voo A cos (204 RY sinR )
¥'s Acos@x) HTRARSN(EY) &
B sin(2x) F3BAOS(BX)

P e

 Sasr 2] s m3ASH(EY) — 3 ASKT(RY) ~ARK cos(3X)
:{M \mhi‘z.ﬁ% # 2') G ) LO + 3B.en(2 ¥) L+ RBcoS {EK) —oRY sin (%\,()
GM“ - * a M
s ' - 2 (- & A+ 3B)sin3x) 938 cos (3%)

298X oS (2K <A B Xsin(3x)

bt uwhen L 2; 2, Acesx+ Bsinx
s wte S‘,w& becauat. i¥ 1S a sl 19 Arcos+ 18 BREM (3X)
Jo He hoene versien, . $o, &5 ud

e &< ’_g 4o Mmgt.%gbs\\&st
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