g UNIVERSITY of TENNSYLVARIA

Math 240 Midterm 1

Name: SOLUTION S

There are 8 questions plus one extra credit question. The questions are weighted differently.
Make sure you check all your answers before attempting the extra credit question.

For grading purposes:

Total:




1. (10 points) Solve the system of equations
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2. (10 points) Find the function y(z) that satisfies
%y — 6y’ + 12y = 0
with y(1) = 0 and ¢'(1) =2
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3. (15 points) Find the general solution to the differential equation
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4 (10 points) Find det(A~1BA) for

A

and

]
/-—-'*'—-.\ ———
i
MO W WO
e

|
—_p N T O

W = W O b

det (A‘:LBA) m

We Wowe  dek (K1 BA)= Aok (A ek (B) et ()
_ Ak ()t (R) et (R
et (AA) - F D) _ dst(R)

\,/\:\)

g

@2 1 (D2 -0 1) = 2 (€92 - 0:3)4 3 (El)- 03)
= ""Lt*\'\éﬁé ::!L'.Z‘



5. (12 points) Find the solution to the system of differential equations

dx
@ = Y
i/
A 2z + Sy

dt
that satisfies z(0) = 0, y(0) = 1.
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6. (15 points) Find the general solution to ’5%& system of differential equations given for

functions z(¢) and y(t) by I U AR
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7. (18 points) TRUE or FALSE? You do not need to justify your answers

(i) The n % n matrix whose entries are all equal to 1 has rank n.

(ii) For an m» x n matrix A, if det{A} = 0, the the equation A% = 0 has infinitely many
solutions.

(iii) If D is an n x n diagonal matrix and A is anyematrix, then AD = DA, that is, A
and D commute.

(iv) For every two n x n diagonal matrices Dy and Ds, we have D4 Dy = D2D,. ie. they
commuie.

(v) If two 3 x 3 matrices A and B are diagonalizable with the same eigenvectors, then
they commute.

(vi) Let A be a 3 x 3 matrix with eigenvalues 1, 2 and 0. Then A is diagonalizable.
(vii) Let A be a 3 x 3 matrix with eigenvalues 1, 2 and 0. Then A is invertible.

T
(vii§f The subset { ( T2 ) & R? l T — 3% + 3 = 0} is a subspace of R3.
T3

(ix) The subset {( 2 ) € R? * 1Ty = O} is a subspace of R?.
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8. (10 points) Find the general solution to the differential equation

2y +zy =0
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Extra Credit (15pts) Your answers must include complete justification. Please write
sentences to explain your proof. Each part is 5 points, no partial credit will be given:

Recall that the image of an n x n matrix 4 is:
Im A = {1 € R" | % = A¥ for some 7 € R"}
The kernel of A is the solution space to A¥ = 0.
KerA= {7 € R”IA@T:O}
a) Show that, if there is an n x n matrix A whose image is identical to its kernel, i.e.
Im A = Ker A, then n must be even.

b) Give an example of such a mafrix.

c) Let A= ( c; Z ) Think about A mapping the plane to the plane. In other words,

think about the linear transformation R? — R? given by multiplying by A. What
is the area of the image of the unit square {(z,y) e R?|0 <z < land 0 <y <1}
under this linear transformation. You might need to use the fact that

|T % | = |¥}|d|sin
where o is the angle between ¥ and . And if you forgot how to calculate cross
products, you might need to use that

|7 % @] = viwy — vawy

for 7= (v1,v2) and W = (w1, wy).
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