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respond to your intuitions. Once you write down a set of axioms, then anything you prove from those axioms 
will be mathematically true for the system of objects your axioms describe. (Strictly speaking, I should say 
"any system of objects," since most axiom systems will describe more than one system of objects, regardless 
of the purpose for which the axioms were originally formulated.) But it might well be that the system your 
axioms describe is not the one you set out to describe.

For instance, around 3 50 B.C., Euclid wrote down a set of axioms for the plane geometry of the world around 
us. From this set of axioms he was able to prove a great many results, results both aesthetically pleasing and 
immensely useful in everyday life. But in the nineteenth century, it was discovered that the geometry 
described by Euclid's axioms might not be the geometry of the world around us after all. It might be only 
approximately right, albeit with a degree of approximation that is not noticeable in everyday life. In fact, 
present-day theories of physics assume geometries different from Euclid's. (This fascinating story is fully 
described in chapter 4.)

By way of illustration of the axiomatic method, here is a set of axioms formulated during the nineteenth 
century for the elementary arithmetic of the integers, the positive and negative whole numbers.

1. For all m, n: m + n = n + m and nm = mn (the commutative laws for addition and multiplication).

2. For all m, n, k: m +(n + k) = (m + n) + k and m(nk) = (mn)k (the associative laws for addition and 
multiplication).

3. For all m, n, k: k(m + n) = (km) + (kn) (the distributive law).

4. For all n: n + 0 = n (the additive identity law).

5. For all n: 1n = n (the multiplicative identity law).

6. For all n, there is a number k such that n + k = 0 (the additive inverse law).

7. For all m, n, k, where k ¹ 0: if km = kn, then m = n (the cancellation law).

These axioms are widely accepted by mathematicians as describing the arithmetic of the integers. In 
particular, anything proved on the basis of these axioms will be described by a mathematician as 'true'. And 
yet, it is easy to write down 'facts' that no one has any hope of checking, either by direct computation or by 
experimental processes such as counting piles of pennies. For instance, is the following identity true?

12,345678,910 + 314,159987,654,321 = 314, 159987,654, 321 + 12,345678,910

This identity is of the form m + n = n + m, so, on the basis of the axioms, you know it is 'true'. (In fact, the 
commutative law for addition

 


